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Axion-like particles (ALPs) with couplings to electromagnetism have long been postulated as
extensions to the Standard Model. String theory predicts an “axiverse” of many light axions, some
of which may make up the dark matter in the universe and/or solve the strong CP problem. We
propose a new experiment using superconducting radiofrequency (SRF) cavities which is sensitive
to light ALPs independent of their contribution to the cosmic dark matter density. Off-shell ALPs
will source cubic nonlinearities in Maxwell’s equations, such that if a SRF cavity is pumped at
frequencies ω1 and ω2, in the presence of ALPs there will be power in modes with frequencies
2ω1 ± ω2. Our setup is similar in spirit to light-shining-through-walls (LSW) experiments, but
because the pump field itself effectively converts the ALP back to photons inside a single cavity,
our sensitivity scales differently with the strength of the external fields, allowing for superior reach
as compared to experiments like OSQAR while utilizing current technology. Furthermore, a well-
defined program of increasing sensitivity has a guaranteed physics result: the first observation of
the Euler-Heisenberg term of low-energy QED at energies below the electron mass. We discuss how
the ALP contribution may be separated from the QED contribution by a suitable choice of pump
modes and cavity geometry, and conclude by describing the ultimate sensitivity of our proposed
program of experiments to ALPs.
Axions are well motivated new particles that have been
proposed as a solution to the strong CP problem [1–3]
(see Refs. [4–6] for a review). Additionally, string theory,
predicts a plethora of light ( eV) particles [7], some
of which may couple to electromagnetism in a manner
very similar to the axion. These particles have been
termed axion-like particles (ALP), and the (possibly)
large number of ALPs, the “axiverse” [8]. One or more of
these species may be excellent dark matter (DM) candi-
dates [9–11], and/or alleviate the hierarchy problem [12–
16]. In light of this strong motivation, there has been
much experimental effort devoted to the axion and its
cousins [17, 18].
There are several general approaches for finding ALPs,
roughly analogous to the multipronged approach of direct
detection, indirect detection, and collider production for
WIMP DM. If the ALP makes up the DM of the Uni-
verse, it may be detected in the laboratory by converting
ALPs to electromagnetic energy (see Refs. [19–21] for
recent experimental results) or rotating the polarization
of photons [22, 23], or in radio telescopes by searching
for conversion [24–27] or decay [28, 29] to photons in as-
trophysical environments. Another approach which does
not require the ALP to be DM is colloquially known as
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light-shining-through-walls (LSW), where ALPs are both
produced and detected in the laboratory. Such exper-
iments are simultaneously sensitive to a wide range of
ALP masses, and even multiple species of ALPs.
In this Letter, we propose a new experiment along the
lines of an LSW experiment that utilizes light-by-light
scattering mediated by off-shell ALPs, with production
and detection taking place in a superconducting radiofre-
quency (SRF) cavity. An ALP a is a pesudoscalar with
Lagrangian
La = 1
2
∂µa∂
µa− 1
2
m2aa
2 − 1
4
gaγγaFµν F˜
µν . (1)
For processes involving photons of energy ω, an ALP with
mass ma  ω may be integrated out, giving an effective
Lagrangian [30]
La,eff =
g2aγγ
32m2a
(Fµν F˜
µν)2 . (2)
In other words, an off-shell ALP will induce small non-
linearities in electromagnetism. Note that this effect is
local, and does not require the ALP to propagate to an-
other spacetime point to be converted back to photons.
As we are also interested in very light ALPs, we will ex-
tend the analysis of [30] to the case where ma  ω. In
this case the nonlinear effects are nonlocal, but we will
show that detection proceeds similarly to the heavy ALP
case.
Famously, loop contributions from virtual electrons
will also induce such nonlinearities in pure quantum elec-
trodynamics (QED), which are parameterized by the
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2Euler-Heisenberg (EH) Lagrangian [31, 32]. To lowest
order in α and ω/me, this is
LEH = α
2
360m4e
[
4(FµνF
µν)2 + 7(Fµν F˜
µν)2
]
, (3)
valid for ω  me. Light-by-light scattering with real
photons has been observed at GeV energies [33, 34],
but Eq. (3) has never been probed with real photons
at ω < me. Thus, an experiment that is designed to
look for nonlinearities induced by ALPs would, if sensi-
tive enough, also have the guaranteed physics result of
discovering light-by-light scattering at low energies for
the first time ever! Crucially, the effects of ALPs and the
EH Lagrangian are not exactly degenerate, as the ALP
Lagrangian only contains Fµν F˜
µν ∝ E ·B, while the EH
Lagrangian also contains FµνF
µν ∝ E2 −B2. Thus, the
two effects may be disentangled with a suitable choice of
field configurations.
Comparing Eqs. (2)–(3), we expect the ALP contribu-
tion to 4-photon processes to exceed the EH contribution
when [30, 35]
gaγγ
ma
& O(1)× α
m2e
' 10
−10 GeV−1
10−6 eV
. (4)
The best laboratory bounds on gaγγ are from the OS-
QAR [36] and PVLAS [37] experiments, which con-
strain gaγγ < 3.5 × 10−8 GeV−1 for ma . 10−4 eV.
Surpassing these bounds with a radiofrequency experi-
ment (ω ∼ 10−6 eV) would not require sensitivity to the
EH Lagrangian, since the ALP term in the Lagrangian
would be much larger. Under reasonable assumptions
about solar physics, the bounds from the CAST experi-
ment [38] constrain gaγγ < 6.6×10−11 GeV−1 from ther-
mal ALPs produced in the sun. (More stringent bounds
can be obtained for ma . 10−10 eV from the absence of
photon-ALP oscillations in galactic magnetic fields [39–
42].) Eq. (4) shows that an experiment which surpasses
these bounds would also probe the EH contribution.
Detection strategy. Taking these estimates as moti-
vation, we extend the results of Refs. [43, 44], a novel
proposal for detecting the EH Lagrangian using SRF
cavities, to include the contributions from the ALP La-
grangian (1). We will consider an SRF cavity pumped
simultaneously at two frequencies ω1 and ω2, such that
ALP- or EH-induced nonlinearities will give signal pho-
tons at ωs = 2ω1 − ω2 (see Fig. 1).
While it was demonstrated in [35] that light-by-light
scattering experiments will likely never be sensitive to the
so-called QCD axion which solves the strong-CP prob-
lem [1–3], renewed interest in the axiverse strongly moti-
vates a re-examination of these results for general (non-
DM, non-QCD) ALPs. Indeed, multiple ALPs will all
contribute to nonlinearities in electromagnetism. Be-
cause our proposed experiment is sensitive to off-shell
ALPs, our signal scales as N 2a g4aγγ . By contrast, an ex-
periment such as CAST will scale only as Nag4aγγ when-
ever the ALP masses are sufficiently large such that the
a
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FIG. 1: Schematic of our proposed experiment, adapted from
Ref. [44]. Note that ωs extends through the bulk of the cavity,
but the filtering geometry suppresses the pump fields in the
detection region.
wavepackets corresponding to ALPs of different masses
start to separate at the location of the detector, such
that the amplitudes no longer add coherently. A dedi-
cated analysis of this effect is beyond the scope of this
Letter but the formalism is broadly similar to that of
neutrino oscillations.
ALP-induced cavity source terms. Equation (1) implies
that Maxwell’s equations are modified in the presence
of nonzero gaγγ [45]. Ignoring the EH terms for now,
the modified equations of motion for Na ALPs with zero
external charges or currents are
∇ ·E = B ·
Na∑
i=1
g(i)aγγ∇ai , (5)
∇×B = ∂E
∂t
−E×
Na∑
i=1
g(i)aγγ∇ai +B
Na∑
i=1
g(i)aγγ
∂ai
∂t
, (6)
(∂2t −∇2 +m2ai)ai = g(i)aγγE ·B (i = 1, . . . ,Na). (7)
We will assume that the g
(i)
aγγ are small and use classi-
cal field perturbation theory. Equation (7) shows that
regions of nonzero E ·B will source the ai fields propor-
tional to g
(i)
aγγ ; Eqs. (5)–(6) imply that ai will in turn
source signal fields cubic in the cavity fields and propor-
tional to (g
(i)
aγγ)2. If all the g
(i)
aγγ are identical, the signal
fields will be proportional to Nag2aγγ .
Unless otherwise specified, we now restrict to the case
of a single ALP, Na = 1. We may use the Green’s func-
tion for the ALP field to write the signal fields solely in
terms of the background fields. The appropriate Green’s
function is the classical retarded Green’s function for the
Klein-Gordon equation GR(x, t,x
′, t′). The solution for
a(x, t) is then
a(x, t) = gaγγ
∫
d3x′dt′GR(x, t,x′, t′)E(x′, t′) ·B(x′, t′) .
(8)
Suppose the cavity is pumped at resonant frequencies
ω1 and ω2, with associated modes E1,B1 and E2,B2,
(Fig. 1). The total pump field is Ep = E1e
iω1t+E2e
iω2t,
where it is understood that the physical field is the real
3part of the complex field and that the correct phase rela-
tionships exist between E and B. From now on, we will
drop the explicit time dependence of the pump modes.
The ALP-dependent terms on the right-hand side of
Eqs. (5)–(6) can be interpreted as an effective ALP
charge and current:
ρa = gaγγBp · ∇a; Ja = gaγγ
(
∇a×Ep +Bp ∂a
∂t
)
. (9)
Note that since a is quadratic in the pump fields, ρa
and Ja are cubic, with frequency components ω1, ω2,
2ω1 ± ω2, and 2ω2 ± ω1. If Ep and Bp satisfy Maxwell’s
equations, then ρa and Ja satisfy the continuity equation
∂ρa/∂t + ∇ ·Ja = 0. Thus, using the solution for a in
Eq. (8) with E = Ep, we may treat Ja as a source for
the cavity involving only the pump fields Ep and Bp,
identical in formalism to a real current source involving
moving charges.
Signal strength. To solve for the signal fields, we will
use the general formalism of cavity Green’s functions [46].
We assume that a signal mode ωs is a resonant mode of
the cavity which matches one of the frequency compo-
nents of Ja, which we take to be 2ω1 − ω2 for concrete-
ness. Assuming a finite quality factor Qs for this mode,
the ALP-sourced Ea field which develops in a cavity of
volume V is
Ea(x) =
Qs
ωsV
Eˆs(x)
∫
d3x′ Eˆs(x′) ·Ja(x′) , (10)
where Eˆs is dimensionless with normalization∫
d3x |Eˆs(x)|2 = V .
To estimate the size of the signal, we normal-
ize the pump modes such that
∫
d3x |E1(x)|2 =∫
d3x |E2(x)|2 = E20V , and write Ja = κmaE30 Jˆa where
Jˆa is dimensionless and κma has dimension −3. In the
two limiting cases of ma  ωs and ma  ωs, we choose
κma to be κ∞ = g
2
aγγωs/m
2
a and κ0 = g
2
aγγ/ωs, respec-
tively. The number of photons in the signal field is
Ns =
1
2ωs
∫
d3x |Ea(x)|2 = Q
2
sV E
6
0
2ω3s
κ2maK
2
ma , (11)
where we have defined the dimensionless cavity form fac-
tor
Kma ≡
1
V
∣∣∣∣∫ d3x′ Eˆs(x′) · Jˆa(x′)∣∣∣∣ . (12)
Note that K and κ both depend on ma through the
Green’s function GR.
Cavity form factors: heavy and light ALPs. To under-
stand the signal strength as a function of ma, we com-
pute the cavity form factors in two limits: K∞, where
ma  ωs, and K0, where ma  ωs.
In the limit ma  ωs, we have ∂2t a,∇2a m2aa, so we
can “integrate out” the ALP by by solving algebraically
for a in terms of the pump fields. This gives
J∞=
g2aγγ
m2a
(
∇(Ep ·Bp)×Ep +Bp ∂
∂t
(Ep ·Bp)
)
. (13)
In the limit ma → 0, the ALP Green’s function is
identical to the retarded Green’s function familiar from
electromagnetism:
a0(x, t) =
gaγγ
4pi
∫
d3x′
|x− x′|Ep(x
′, tR) ·Bp(x′, tR) , (14)
where tR = t−|x−x′| is the retarded time. In this case,
a responds nonlocally to changes in Ep and Bp, with a
time delay given by tR. Since the ALP-mediated current
J0, which may be computed from Eq. (14) using Eq. (9),
is also nonlocal, there is no simple expression in terms of
the pump fields.
As an example, consider a right cylindrical cavity with
ω1 = TE011, ω2 = TM010, and ωs = 2ω1 − ω2 = TM020
(with mode labeling conventions following [46]), satisfied
for a cavity of radius a and height d = 3.112a. We find
K∞ = 0.18 and K0 = 0.24 (see Supplementary Mate-
rial (SM) for details), where the latter result assumes
that both sin(ωst) and cos(ωst) components of the sig-
nal can be added in quadrature, appropriate for photon
counting at the standard quantum limit. This example
demonstrates that the cavity form factor can be rela-
tively insensitive to ma, and thus a single cavity can be
used to probe a broad range of ALP masses. This is a
strong advantage over traditional resonant searches for
ALP dark matter [19, 20, 47, 48], which require careful
tuning to match a resonance (e.g. a cavity mode or a Lar-
mor frequency) to ma. By contrast, once ωs = 2ω1−ω2 is
accomplished by tuning the cavity geometry, no further
tuning is required to set limits on gaγγ for any ma.
Expected sensitivity to ALPs. To estimate the sensitiv-
ities in the light and heavy mass limits, we compute the
expected number of signal photons Ns. From Eq. (11)
we have
Ns,0 =
Q2sV E
6
0
2ωs
g4aγγ
ω4s
K20 , Ns,∞ =
Q2sV E
6
0
2ωs
g4aγγ
m4a
K2∞ .
(15)
To measure the signal, we imagine a filtering geometry
as suggested in Ref. [44] (and shown in Fig. 1) where at
some point in the geometry the pump fields are exponen-
tially suppressed compared to the signal field, which is
possible as long as ωs > ω1,2. At this location, the signal
can be measured without contamination from the pump
modes (though we note that this is more of a practical
concern than an irreducible background, since the pump
modes are at a different frequency than the signal). We
estimate the signal-to-noise ratio (SNR) with the Dicke
radiometer equation, neglecting any information about
the field phase:
SNR =
Ps
T
√
t
B
≈ Ns
Nth
1
2LQs
√
t
B
, (16)
where Ps is the signal power, t is the total measurement
time, B is the signal bandwidth, L is the length of the
cavity, and Nth = T/ωs is the number of thermal photons
at the signal frequency (valid for temperatures T  ωs,
4FIG. 2: Projected sensitivities of our proposal (approxima-
tions for ma ∼ ωs shown in dashed lines), along with existing
constraints [36–38]. See text for details.
and assuming thermal noise dominates). A detailed sen-
sitivity calculation exploiting our knowledge of the pump
field phases, perhaps using phase-sensitive amplifiers in-
stead of photon counting, will be presented in a future
work.
Our expected sensitivity to gaγγ is then
glim.aγγ =
(
4TL
QsV E60
√
B
t
SNR
)1/4
×
{
K
−1/2
0 ωs, ma  ωs
K
−1/2
∞ ma, ma  ωs .
(17)
In an actual experimental implementation, a cavity
should be designed specifically to maximize the figure
of merit in Eq. (17) while minimizing issues such as mul-
tipacting, dark currents, field emission, intermodulation
in the feed lines, and surface nonlinearities [49, 50].
For a fixed choice of modes and cavity size (hence fixed
ωs and V ), the reach is constant at small ma and de-
grades linearly at large ma. There is in principle some
dependence of Kma on ma, but with a suitable choice
of modes this dependence is extremely mild. For a large
number Na of light ALPs, all with ma  ωs, Eq. (17)
should be interpreted as a limit on
√∑Na
i=1
(
g
(i)
aγγ
)2
.
Phase 1: Conservative projected reach. We envision
our experiment progressing in three stages, each build-
ing on current technology. For Phase 1, we take the
following parameters: cavity temperature T = 1.5 K;
a right cylindrical cavity with a = 0.5 m and the
TE011/TM010/TM020 mode combination, giving d = 1.56
m, fs = ωs/(2pi) = 527 MHz and V = 1.23 m
3; K0 = 0.24
as calculated above; pump field strength E0 = 45 MV/m;
and a cavity bandwidth of fs/Qs = 2 Hz, corresponding
to Qs = 2.6 × 108. This Q is much smaller than what
typical high-performance SRF cavities can achieve, but
a wide cavity response function for Phase 1 allows the
frequency-matching condition ωs = 2ω1 − ω2 to be ap-
proximately satisfied even if vibrational distortions shift
ωs by O(Hz). Note also that our mode combination sat-
isfies ωs > ω1, ω2, making it amenable to filtering; to
model this, we assume the total cavity length is twice
the cavity height, L = 3.11 m.
At 1.5 K, the thermal noise in the signal mode is Nth =
kT/ωs ' 60 photons. A lower operating temperature
would be desirable, but the cooling power requirements
are substantial: assuming that the pump modes have
Q1,2 = 10
12, characteristic of the best Q achieved in SRF
cavities [51, 52], the cavity lifetime for the pump modes
is τ1,2 = Q1,2/f1,2 ∼ 2600 s and the power dissipated is
O(10 W). Dilution refrigerators, which have a cooling
capacity of O(mW), are not sufficient, and the cavity
must operate at liquid helium temperatures.
We first consider the case where the injected pump
bandwidth is comparable to the cavity bandwidth, B =
2 Hz. For light ALPs, the OSQAR bound can be sur-
passed by nearly an order of magnitude in a measure-
ment of a single cavity lifetime of τs = Qs/fs = 0.5 s.
Integrating the signal over a time t ∼ 1 day, we can
obtain a Phase 1 reach of glim.aγγ,0 = 1.2 × 10−9 GeV−1.
For ma  ωs, we can get the limits by using glim.aγγ,∞ =
(ma/ωs)
√
K0/K∞ glim.aγγ,0.
One could also pump the cavity with a bandwidth nar-
rower than the cavity itself, for example by locking the
pump tones to an atomic clock. Taking B = 1/t, the
narrowest allowed bandwidth for a given measurement
time t, a bound of glim.aγγ,0 = 2.6 × 10−10 GeV−1 could
be reached in a day. In the case B = 1/t, the SNR
scales linearly with time, so the limit on gaγγ scales as
t1/4. The two bandwidth choices for Phase 1 are shown
in Fig. 2; we have not explicitly calculated the reach for
ma ∼ ωs (shown as dashed lines), but we expect the
light and heavy mass limits to be excellent approxima-
tions away from this region.
Phase 2: Detecting the Euler-Heisenberg contribution.
As we have discussed, there is an irreducible contribution
to cubic nonlinearities in Maxwell’s equations from the
EH Lagrangian, see Eq. (3). The effective EH charge and
current are [43, 53]
ρEH =− 4α
2
45m4e
∇ ·P ; JEH = 4α
2
45m4e
(
∇×M+ ∂P
dt
)
, (18)
with P = 7(E ·B)B+2(E2−B2)E and M = 7(E ·B)E−
2(E2−B2)B . The number of photons from the EH signal
can be estimated similarly to the ALP case.
For Phase 2, we assume the cylindrical cavity geometry
from Phase 1, but with Qs = 10
12. Indeed, in tuned
SQUID magnetometers, a feedback circuit may be used
to broaden the bandwidth without sacrificingQ [54]; such
a scheme may be possible here. We find that
NEH =
Q2sV E
6
0
2ω3s
κ2EHK
2
EH ≈ 3.6 (19)
with κEH = 4α
2ωs/(45m
4
e) and KEH =
1
V
∫
d3x′JˆEH · Eˆs = 0.18, with JˆEH defined analo-
gously to Jˆa. This signal strength is roughly consistent
5with Ref. [44] given our different choices of parameters
and modes. Therefore, assuming B = 1/t, the EH
signal can be detected within 20 days of running. The
corresponding sensitivity to light ALPs for the same
integration time is glim.aγγ,0 = 1.6 × 10−11 GeV−1; this is
shown in Fig. 2. This would surpass the CAST bound of
gaγγ = 6.6×10−11 GeV−1 and would also be competitive
with recent proposals to search for ALP DM at low
masses such as ABRACADABRA [21, 55]. In some
models, an ALP with these couplings could also be the
QCD axion [56, 57]. If a positive signal were detected,
the ALP nature of the signal could be verified using a
second cavity with different mode combinations. If the
ALP is heavier than ωs, the combination of the two
measurements would suffice to determine both gaγγ and
ma.
Naively, the sensitivity of this proposal to probe ALPs
becomes limited when NEH ∼ Ns. In principle, one can
search for the ALP signal on the top of the thermal and
EH backgrounds, but as with the “neutrino floor” in
WIMP direct detection experiments, the SNR will grow
much slower than t1/4. However, with a slightly differ-
ent mode choice, the EH contribution can be removed,
leaving behind only the ALP signal. The idea is to pump
an additional mode degenerate with ω1 but with a dif-
ferent field configuration. By tuning the three different
pump amplitudes, we can arrange to have KEH = 0 with
Kma 6= 0. For these special pump amplitudes, the EH
contribution to light-by-light scattering vanishes at am-
plitude level, and there is no interference with the ALP
amplitude. We give a proof of principle demonstration
of this idea in the SM.
Phase 3: Probing the axiverse. As the optimistic end-
point of this proposed program of experiments, consider
a large cylindrical cavity with a = 2 m and d = 6.22 m,
giving fs = 132 MHz, with the same mode combinations
as considered in Phases 1 and 2 and Qs = 10
12. We sup-
pose a cavity geometry can be developed which permits
K0 ∼ 0.24 with the EH contribution tuned away to suf-
ficient precision as described in Phase 2, and a compact
filtering geometry with length L = 10 m. Assuming the
same pump strength as Phases 1 and 2, and integrat-
ing for a total time t = 1 year with B = 1/t, we find
from Eq. (17) a maximum sensitivity at low masses of
glim.aγγ,0 ∼ 9.1× 10−13 GeV−1, shown in Fig. 2.
Revisiting the axiverse scenario, suppose that Na
ALPs all had decay constants fa at the string scale,
which we conservatively take to be the renormalized
Planck scale, 1018 GeV/
√Na. These string ALPs
would have photon couplings of gaγγ = α/fa ∼√Na10−20 GeV−1. Our Phase 3 would be sensitive to
gaγγ
√Na ∼ 10−20 GeV−1 × Na, which could bound
the number of string-scale ALPs with masses less than
10−6 eV by Na . 108. While this is still (much) larger
than typical expectations from string theory, one could
still imagine placing constraints on particular compacti-
fication geometries which contain large numbers of non-
trivial cycles [58], allowing low-energy SRF cavity exper-
iments to offer a fascinating probe into the ultra-high-
energy regime of quantum gravity and the landscape of
string theory vacua.
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1Probing ALPs and the Axiverse with Superconducting Radiofrequency Cavities
Supplemental Material
Zachary Bogorad, Anson Hook, Yonatan Kahn, Yotam Soreq
In this Supplemental Material, we compare our proposal to LSW experiments as well as multimode pumping for
axion DM; give further details about the example mode choices we have used to calculate the cavity form factors;
discuss the choice of modes for optimizing our reach for both light and heavy ALPs; and give an example of degenerate
mode tuning which can be used to eliminate the EH contribution to a Phase 3 ALP search.
Comparison to other experiments
The general setup of an LSW experiment is as follows: a laser passes through a large magnetic field Bprod., some
photons convert to ALPs, a wall blocks the remaining photons but not the ALPs, and after the wall another large
magnetic field Bdet. converts the ALPs back into detectable photons. Let us briefly compare the parametrics of our
proposal to an LSW experiment. In the heavy ALP case, ma  ω, the number of signal photons per number Ni of
input photons scales like
Ns
Ni
∣∣∣∣
LSW
∼ g4aγγB2prod.B2det.L4,
Ns
Ni
∣∣∣∣
cavity
∼ Q2sg4aγγE40L4, (S1)
where L is the typical size of the experiment (for our setup, we assume L ∼ 1/ωs). Our experiment scales similarly to
an LSW experiment except that our final number of photons has been enhanced by Q2s due to the cavity, and there
is only a single field region rather than separate production and detection regions; instead of Bprod. and Bdet., the
input oscillating field E0 does the conversion. A static B field can be made about 40 times larger than an oscillating
B field, but this deficit is more than made up for by the large Q factor of SRF cavities, which can reach 1012 [51, 52].
It is worth noting that the scaling of an LSW experiment utilizing a cavity, e.g. ALPS-II, would also be enhanced
by Q, but such cavities could not be made superconducting at B-fields above a few T, and the largest Q achievable in
copper cavities is about 106. Our cavity experiment would still have superior sensitivity to such an LSW experiment,
unless the ALP were both produced and detected in high-Q SRF cavities, where the larger Q compensates for the
smaller B [59, 60]. Furthermore, in our setup, the detection frequency is not a harmonic of the input frequency, which
may help reduce backgrounds. In the large mass limit of an LSW experiment, Ns/Ni ∼ 1/m8a, until ω ∼ ma and
ALP-photon conversions cannot occur. In the large mass limit of our proposal, Ns/Ni ∼ 1/m4a, giving superior reach
at large masses.
While our proposal exploits multimode pumping for virtual ALP detection, multimode pumping and heterodyne
readout has also been considered for the case where the ALP comprises the cosmic DM abundance [61–63]. However,
for axions heavier than ∼ 10−16 eV, this fails to improve on traditional searches using static B-fields because of
the DM velocity dispersion. Note that in a search for DM axions using a pumped cavity, the axion DM field
may be considered as a pump field at frequency ω = ma, with intrinsic bandwidth set by the velocity dispersion,
B ∼ v2DMma ∼ 10−6ma ∼ kHz for ma ∼ 10−6 eV. This limits the scaling of the SNR with time when B > 1/t and
the maximum Qs given the necessity to scan [61], an effect not accounted for in Refs. [62, 63].
Mode functions and signal currents
Here we explicitly calculate the axion current and overlap for the mode choices ω1 = TE011, ω2 = TM010, and
ωs = 2ω1 − ω2 = TM020 in a cylindrical cavity of height d and radius a, using mode conventions from Ref. [46]. The
(un-normalized) E-field of the signal mode only has a z-component:
Es = E0J0
(x02 ρ
a
)
zˆ, (S2)
2FIG. S1: Signal mode Es,z, along with ALP-induced effective currents J∞,z|ωs and J0,z|ωs and EH effective current JEH,z|ωs
for the TE011/TM010/TM020 mode combination. There is no φ dependence in either the signal mode or the effective currents;
the mode profiles are evaluated at z = d/2, normalized to 1 at ρ = 0, and plotted as a function of the remaining variable ρ.
The similar profile of the signal mode and the effective currents leads to a large form factor K for this mode choice.
where J0 is the Bessel function of order 0 and x02 is its second zero. Thus the form factor integrand (12) only receives
a contribution from Jz. The (un-normalized) pump fields are
E1 = E0 ω1
x′01
a
(
J ′0(ρ) sin
piz
d
φˆ
)
sin(ω1t) (S3)
E2 = E0
x201
a2
J0(ρ)zˆ cos(ω2t) (S4)
B1 = E0
(x′01)
2
a2
(
pi
d
x′01
a
J ′0(ρ) cos
piz
d
ρˆ+ J0(ρ) sin
piz
d
zˆ
)
cos(ω1t) (S5)
B2 = −E0 ω2x01
a
J ′0(ρ)φˆ sin(ω2t) (S6)
where x01 is the first zero of J0 and x
′
01 is the first zero of J
′
0. The component of J with frequency 2ω1 − ω2 will
contain two mode 1 fields and one mode 2 field, i.e. terms like E21B2.
For the heavy mass case ma →∞, inspecting Eq. (13) and keeping track of the time dependence, we have that the
component of Ja quadratic in mode 1 and linear in mode 2 is
J (112)∞,z = E1,φs1
∂
∂ρ
(
E1,φB2,φs1s2 +E2,zB1,zc1c2
)
+B1,zc1
(
E1,φB2,φ(ω1c1s2 +ω2s1c2)−E2,zB1,z(ω1s1c2 +ω2c1s2)
)
(S7)
where s1,2 = sin(ω1,2t) and c1,2 = cos(ω1,2t).
At this point, J
(112)
∞,z has frequency components ω2, 2ω1 − ω2, and 2ω1 + ω2. We now wish to isolate the frequency
component at ωs = 2ω1 − ω2. To do this, we note that terms appear such as
sin2(ω1t) sin(ω2t) =
1
2
sin(ω2t) +
1
4
sin((2ω1 − ω2)t)− 1
4
sin((2ω1 + ω2)t), (S8)
so to isolate the desired frequency component, we make the replacement
s21s1 →
1
4
. (S9)
Similarly, for the other two terms we have
s1c1c2 → 1
4
, c21s2 → −
1
4
, (S10)
where in all three cases only the sin(ωst) phase component appears (i.e. there is no cos(ωst) term). Thus the
component of J
(112)
a,z oscillating at the signal frequency is
J∞,z|ωs =
1
4
{
E1,φ
∂
∂ρ
(
E1,φB2,φ + E2,zB1,z
)
+B1,z(ω2 − ω1)
(
E1,φB2,φ + E2,zB1,z
)}
sin(ωst). (S11)
3ω1 ω2 ωs K∞ K0
TE011 TM010 TM020 0.18 0.24
TE011 TM011 TM013 0.12 0.080
TE011 TM012 TM014 0.13 0.075
TE011 TM030 TM050 0.11 0.079
TE011 TM040 TM060 0.12 0.062
TABLE S1: The values of K∞ and K0 for five mode combinations with relatively large values of K∞ and small mode numbers.
Note that, for all five mode combinations, K0 is within a factor of 2 of K∞, making it reasonable to use the same cavity to
search for both high- and low-mass ALPs.
Plugging (S3)–(S6) into Eq. (S11), we see that the z-dependence of all terms is sin2
(
piz
d
)
, and there is no φ
dependence. Evaluating Eq. (S11) with ω1 = 3.96245/a and ω2 = 2.40483/a which satisfies the frequency-matching
condition for the third mode at z = d/2, we obtain J∞,z(ρ)|ωs , which is plotted in Fig. S1. For comparison, we also
plot E3,z(ρ) with both profiles normalized to 1 at ρ = 0, showing that the shape of these functions is fairly similar
and we expect a large overlap.
As noted in the main text, the current J0 in the light mass case is nonlocal, so there is no simple analytic expression
in terms of the pump fields. Nonetheless, we can evaluate the spatial integrals in Eq. (12) numerically, and isolate the
frequency components as described above. Unlike the heavy mass case, both phase components sin(ωst) and cos(ωst)
are present. The two phase components of J0,z are also shown in Fig. S1; note that the component which is in phase
with the pump modes vanishes at the boundary ρ = a, while the other phase component does not. Similar to the
axion contribution, we can also calculate the EH effective current JEH,z|ωs from (18), which is also shown in Fig. S1.
Characteristics of light and heavy form factors
In order to test the feasibility of our proposed method, we searched through a number of cylindrical cavity mode
combinations and calculated the expected coupling K∞ for each. Since there are, in principle, infinitely many possible
mode combinations, we restricted to the six smallest non-trivial mode numbers for each field and mode number. We
also took advantage of three selection rules for modes TEnpq and TMnpq:
• Either ±2n1 ± n2 = ns (including all sign combinations) or n2 = ns.
• Either ±2q1 ± q2 = qs (including all sign combinations) or q2 = qs.
• If ω2 and ωs are both TE modes or both TM modes, then Es and Bs must have the same cosnφ dependence
as E1,2 and B1,2, rather than sinnφ.
We found several modes with K∞ in the range 0.1–0.2. We then chose five of these with generally smaller mode
numbers and calculated K0 for each in order to test whether the same cavity dimensions would allow for effective
searches of both high- and low-mass ALPs. As noted above, because K0 contains both phase components sin(ωst)
and cos(ωst), we compute K0 by summing the form factors in quadrature for the two phase components. As described
in the main text, this is appropriate for photon counting at the standard quantum limit, but in future work we will
explore the benefits of phase-sensitive amplifiers, in which case one quadrature may dominate. The values of K∞ and
K0 for each of these five modes are given in Table S1.
We conclude that a precise choice of modes is not necessary for achieving a large cavity form factor for both heavy
and light ALPs, though we find that the largest form factors come from ω1 = TE011 and ω2 and ωs being TM modes.
These general properties are easy to reproduce in an elliptical cavity, which will likely be the basis for a realistic
design.
An Euler-Heisenberg example
Here, we demonstrate that the Euler-Heisenberg contribution to signal photon production can be canceled with a
careful choice of pump modes and relative field strengths. We consider a rectangular cavity of dimensions a × b × c
and the limit of ma  ωs. The three pump modes (labeled 1, 1′, and 2) are TE221/TM221/TM121 and the signal
mode is TM163 . The matching condition ωs = 2ω1 − ω2 is satisfied for b = 4a and c = 1.22a . The total pump field
4is Ep = r1E1 + r1′E1′ + r2E2 (where r1, r1′ , and r2 are dimensionless) and similarly for Bp. We find
K∞ =0.047r2(r21 − 0.18r21′) ,
KEH =0.059r2(r
2
1 − 8.24r21′) . (S12)
Therefore, for r1′ = 0.35r1 we get KEH = 0 and K∞ = 0.046r21r2 .
In the above example, we chose a rectangular cavity for simplicity because TE and TM modes with the same mode
numbers are automatically degenerate, and because there is an additional free parameter in the cavity geometry which
permits the correct configuration of form factors. We note that this idea can also be implemented with an elliptical
cavity, which avoids the large field gradients present at the corners of rectangular cavities, and which may also be
used for the Phase 1 search described in the main text.
